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Prologue

ART

You're in touch with the world that impinges on you,
Can you make any sense of thisterrible brew?

You'd extract what is beautiful and what is good,

Or you gaze at the mess and just wish that you could!

If you have seized some good from this fast whirling brew,
You might then want to know if it's false or if true;

You'll transform what you've caught so that all understand,
Thus conveying your thoughts through the use of your hand.

Thisiswhere the artistic creation begins,

Creatures might have no legs or the fish have no fins,
What the brush puts on canvas has been through thefire,
"Let us get to the meaning!", we shall all inquire.

From the crucible of such creations wild act
Comes a language that does not describe any fact!

Mental states are thus formed in recipients minds
So that each one a meaning quite readily finds.

Zoltan P. Dienes, January 2004
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Mathematics as an Art form.

1. Setting the stage.

Mathematicians often use aesthetic termsin describing the work they do. They talk
about beautiful theorems, elegant proofs, cute short cuts, powerful symmetries, not to
mention the ar chitectur e of the structurethey are building. Many non -mathematiciansare
dumbfounded by such adjectives. They imagine mathematicsasa dry, matter of fact series
of strange statements, often expressed in sometotally unintelligible language. How can
anything like that be beautiful ?

Of course beauty isin the eyes of the beholder so beauty arises out of the interaction
between the beholder and that which isbeing beheld. It isopen to question whether
anything could beregarded as beautiful if there were no people who thought so. In the case
of something created by Man, clearly the creator hasto comeinto it, but one might doubt
whether there was any meaning to calling a sunset beautiful in the absence of anyone
thinking so!

A work of art isa CONSTRUCTION called into being by the artist who has
somehow digested a certain number of inputsfrom the environment and has felt compelled
to communicate theresultsto hisfellow human beings.. A research mathematician plays
with ideas, which he putstogether into what may vaguely be called STRUCTURES. Then
he messes about with thesein cipient structures, trying to mould them, put them together,
pull them apart in all sorts of ways until he hitson something that satisfies him. So the
mathematician, in ways possibly quite similar to the ways of the artist, makes
CONSTRUCTIONS. In thissense heisalso an artist.

The problem for the educator isto find ways which would lead children to construct
such abstract structuresand encourage them to PLAY with them in the same way as they
play with their toys. In order to PLAY you haveto havea GAME. So our first question is

WHAT ISA MATHEMATICAL GAME?

In any normal gamethereisa starting point, then there are somerulesthat must be
obeyed to move away from the starting point, and some criteria to decide when the gameis
finished. Games s uch as hockey, football, bridge, chess and so on all have such starting
points, their own rules and some definite criteria which must be satisfied for the gameto be
finished. Some games are of the “patience” type, played by one person attempting to get to
the end of the game asdefined by therules. Othersare  “win or lose ” games where two
people or two teams play against each other, and one side winswhilethe other side loses,
unlessit ispossible by therulesto have a “draw”.

Practically any mathemat ical structurewill easily lend itself to the construction of
either “patience” gamesor “win or lose” games. In fact, with alittle ingenuity, one type can
easily beturned into the other type. From the point of view of any aesthetic analysis, surely
it isalmost irrelevant which type of game we ar e talking about.
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2. What isan artistic endeavour ?

Let metry and face the knotty question of what Art really is. If we asked twenty
artists, we should probably get twenty different answersto the question, so no body can
claim the prerogative of “truth” in answering the question. So let me make a suggestion,
which will hopefully be sufficient for what | wish to discussin the sequel.

ART ISAN EXPRESSION OF AN URGE TO CREATE CONSTRUCTIONS
WHICH EXTERNALIZE INTERNALIZED INPUTSFROM THE ENVIRONMENT.

If the above isthe way in which we can view artistic endeavour, then in what senseis
the mathematical game an Art form?

What have we taken in from the environment, which we have expressed asa
construction?

To attem pt to answer the question, let uslook at how children behave when
presented with material that they like to play with. When children are given “toys” with
easily distinguishable attributes such as:

Colour, shape, size, thickness, number of holes, sex of  person, attitude of person
(sitting, standing, running etc.)

they will eventually reach a stage when they classify the toys having regard to one or
mor e of the attributesin question. They might put all the boyson one side and all the
girlson theother, or they might classify them also as sitting or standing, putting the
sitting ones separ ately from the standing onesin the case of each sex. Putting their
things “in theright places ” involves classification. They will also put their classified
pilesin acertain order (boysbeforegirlsor the other way round etc.), taking into
account one or more of the attributesthat seem to them relevant. Somewhat later,
especially if several children aretaking part in the activity, different ideas emerge, so
thecl assifications and ordersalready established are challenged and sometimes
radically changed. It seemsthat, given suitably structured materials, children will feel
the “urge”

TO CLASSIFY, then TO ORDER, then TO TRANSFORM.

It ishard to think of any part of mathematicsthat is not essentially a combination of
the above threetypes of activity! The spontaneousreaction of children to structured
materialsleadsusto a germinal form of the MATHEMATICAL GAME.

Children’s primitive drawings, even scrib  bling, arethe germinal versions of the
beginnings of theurgeto expressand to represent using shapesand colours. It isalong
journey from thereto the drawing or painting of a work with artistic merit. It is
likewiselikely to be quiteatrip from ch ildren’s spontaneous play with material to the
playing of sophisticated mathematical games.

© 2002, 2004 by Zoltan P. Dienes http://www.zoltandienes.com 4



3. Therolesof theactorsin an artistic activity.

Someone paints a picture, but someone elselooks at it and receives the message.
Someone writesthe music, but s omeone else playsit and someone else again listensto
the playing. It isthe samein making up a mathematical game. Someone makes up the
game but some else playsit. In fact someone, previously, must have invented the
mathematicsin question! All these  are mathematical activities, although different
mental processes arerequired for each type of activity. Theinventor of the
mathematics as well asthe constructor of the game derived from that mathematics,
would probably need to use hisor her right hand brain quite a bit, whereasthe
“players”, who have to work out the various strategies under the constraints of the
game, are morelikely to usetheir left hand brain.

In spontaneous play, namely in play without any prescribed rules, the player only
hast o obey the constraintsinherent in the material, such asthose that relateto
equilibrium and stability (tall towerstend to collapse more easily or it isnot easy to
stand up avery thin block etc.) or the geometrical properties of space (circleswill not
cover a surface, unlessthey overlap etc.), the number of objectsavailable being avery
obvious constraint!

An imper ceptible passage takes place from the spontaneous stage towar ds the
imposition of constraints not inherent in the material. Children migh t decide that two
pieces of the same colour must not touch, or that in arow, the colours must comein a
certain order. In thisway the possibility of agoal toa  “game” can evolve which will
determine an endpoint to a game. Thisisthe beginning of the stage of

INVENTING A GAME AND LEARNING TO PLAY IT

Oncethe game has evolved, with itsrules and endpoint well specified, children will
then KNOW the game and so can teach it to other children. Thisisthe stage of

PLAYING THE GAME

Children are natural ly adventurous and more open to new things than we adults
are! After having played their game a few times, aslikely as not, they will want to
changetherules, perhapsto correct a perceived difficulty or perhapsjust to makethe
game morefun to play. Thisisthe stage of

TRANSFORMING THE GAME INTO A NEW GAME
The new game naturally must be properly defined ( “invented™) and children will
have to learn to play it, so the cycle starts again. Such a cycle might last an hour or two
or maybe several months, depending on the game invented and on the children playing
it.

Mathematicsisa gold minefor an indefinite supply of games. Given any
mathematical structure, a game can beinvented whose constraints correspond exactly
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to those present in the mathematical structurein question Some mathematicians would
object, saying that the mathematicsin question is already a game!

The problem for the educator isto harnesstheincredible energy released by what
wedescribeas “play” in both artistically and mathemat ically meaningful ways. The
conventional “lesson” clearly doesnot foot the bill. | recall my friend and colleague
Robert Davies once saying that one way to stop little girls playing with dolls would be to
introduce “doll playing lessons ”. What weneed i snot “lessons” but some of way of
creating an environment involving the above described cycle of game -invention, game-
playing and game -transforming, which would encourage children to expresstheir
natural urges

TO CLASSIFY, TO ORDER, and TO TRANSFORM

In the sequel | shall try to suggest some ways in which the educator might begin to
solvethis problem, illustrating the points by examples.
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4. An example of inventing a game.

At ameeting In Visegrad, Hungary, of the International Study Group for
Mathematics L ear ning, the Polish contingent of the delegates, led by Madame
Krygowska and myself and helped out by Catalonia and Romania, set itself the task
of trying to uncover the secrets of the construction of mathematical games. We took
a pragmatic stand: we wer e going to observe our selves aswe did the inventing! The
first thing wasto locate a mathematical structure, which would act as the basis of
the game or games. We all decided that a suitable structure, not too simple but not
too complex, would be the eight element Galoisfield.

For thenon -mathematical reader, here arethe addition and the
multiplication tables of the eight element Galoisfield (which you can safely ignore):

o0 |T |k |O

@D

Of|1||b||c||d||e]]|f g X 1(|bjlc|jd|le]|]|f g
Of|1||b||c||d||e]]|f g 1 1(|bjlc|jd|le]|]|f g
10 olld|lg|[b|lf]lel|lc b bllclldl|lellf]|]lg]ll2
bild|{O||e||lLl]||c||g]lf C cl|d||el||lf||lg]||l]|Db
o a e 0 f b d 1 d d € f g 1 b Cc
difbl L fI[ogflc]le € el||fllgll2l||b]||lc]|]|d
ef[fllc||b||lg|lO]|]|1]]d f fllgl|la||b||lc]||d]|]|e
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We can check for distributivity. For example (c + g) x d = 1xd =d
Butalso (cxd) + (gxd) =f+c=d
So(c + g xd = (cxd) + (gxd)

Of coursethisisonly onetrial, but | can assurethereader that the “trick” will work
every time. Thisisonereason why the structureiscalled afield in mathematics.

It is obvious from the multiplication table that we are dealing with a cycle of
seven. If we multiply an element by the same element seven timesin succession, we
shall return to the original element which we first multiplied. The addition tableis
less obvious. Of course our group wasworking under the advantageof  “knowing”
thisstructure, sowe “knew” that the addition could be described asa “two by two
by two” situation.
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In order to create a physical en vironment which “embodied” the two by two
by two idea, we chose thr ee colour s which we combined with each other in all
possible waysto create the elements of our field “in concreto”, So the elements of the
game became eight paper plates, with the following sets of coloured objects placed in
them:

Nothing, red, yellow, green, red & yellow, red & green, yellow & green, and
finally red yellow & green.

These wereto be our “toys”. Now we had to formulate somerules, out of which a
game could arise.

Theaddition rulewaseasy to “invent”, Any two “platefuls” could be “added” by
simply putting them together, but if one of the colourswas present in both platesto

be added, then this colour wasleft out of the “sum”. This made surethat whenever
you “added” two platefuls, you always obtained a plateful that was among the eight

platefuls. For example

red & green + yellow & green = red & yellow
the green being left out sinceit isin both of the “addenda”.

So we had an “adding rule” Thisissomething, but in noway isit a game yet.
We still had to decide how to start the game, what the ruleswerefor playing it and
how we would know that the game was over. Apart from that, we had to introduce
the cycle of seven and in such away that it should ac  t asa multiplication, namely
that it should be distributive over our addition. Last but certainly not least, we
would need to inject some motivating factorsto make surethat people would
actually want to play our game!

Asabridgetowardsachievingt he above aims, we thought up the following
problem, to be solved by the “player s”:

Put seven empty platesout in a circular pattern. Then take four red
counters, four green countersand four yellow countersand placeared counter in
each one of four of the seven plates. Now “walk round the circle” several times, and
note wherethe countersarein neighbouring platesand whereyou haveto “jump”
over aplateor platesto get to another counter. Now place the green counters, again
onein each of four plates, following the same cyclic order asthe one used for thered
counters. The frequency of two green ones being next to each other or separated
from each other, should occur in the same cyclic order asit doeswith thered ones.
Having arranged thered and the green counters, do the same with the yellow
counters. When you have finished, no two plates should contain the same
combination of colours. If there are any “repeats”, start with another way of placing
thered countersand do the whole thing again.
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Of we course we all knew that there was only one way to solve the problem:
there must be three consecutive “neighbouring plates” for each colour, the fourth
one of each colour being separated from the “run of three” in each case by a “jump”
over oneplate or over two plates, depending on which way you wer e going round
thecircle..

This, strangely enough, isa necessary and sufficient condition for
constructing the multiplicative group of our field, namely for constructing our seven
cyclewhich must be su ch that any true additions should remain true if we moved
both addenda and sum up or down by the same number of plates.

Now we have the bar e bones of a game. But how do we play it?

Before facing that problem, let me draw a diagram to show an example of
how the problem outlined above can be solved.

Following the arrows we see

that of each colour thereare

three “in arow”, followed by Q
two “jumps” to get to the

fourth one. It isalso worth /
noting that the “sum” of

any two neighbouring Ay i
platesisobtained by /
jumping over the next
platein the direction of
thearrows.

Having solved the above problem (in itself a fun activity astestified by those who
have managed to solveit!), we could play a gamein the following way:

STARTING SITUATION.
Player 1 arrangesthe seven platesin a circular pattern in any random manner

ALLOWED MOVES:
Player 2 exchangesthe position of two of the plates accor ding to his choice of plates.
He continues doing thisuntil the

FINAL POSITION
Which isa correct solution of the problem
The number of movesis counted. Thisnumber isplayer 2’s score.

Playersnow changerolesand player 2 givesplayer 1 the starting position.

When player 1reachesthefinal position, heor she countshisor her moves.
The player with the lower scorewins. If the scores are equal, thegameisadraw.
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Thereisstrategy involved in choosing the starting position, playerstrying to make it
that their opponentswould need to use as many moves as possible to reach the
solution position.

Thereisalsost rategy in selecting the pairs of plates whose positions must be
exchanged in any particular move.
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5. Analysis of the procedures described.

The steps appear to bethe following:

(1) Examination and analysis of the chosen mathematical structure, in our case
examination of theroles of the numbers8 and 7, the former being the number of
elementsin the additive group, the second the number of elementsin the
multiplicative group.

(2) Finding a suitable concrete embodiment of the mathematical structure selected.
In our casethiswasthe set of all possible combinations of three colours.

(3) Verifying the suitability of the embodiment, by finding easily lear ned oper ations
on the physical objectsin question, which correspond to the mathematical
oper ationsin the selected mathematical structure.

(4) Finding a suitable problem “to play with”. In our case thiswasthe problem of
placing the seven non-empty elementsround a circular pattern so that the cyclic
“rhythm” for each colour should be the same.

(5) Findingaway to “play with theproblem ”. In our case this meant reaching a
cyclic order of the platesin asfew exchanges as possible, which solvesthe “equal
rhythms” problem.

In the above, a somewhat sophisticated form of classifying comesinto the activity, when
acertain cyclic order isidentified for one of the colours. Thecyclic order of the other
colours hasto belong to the same class as the one to which thefirst ordering belongs.

Orderingisvery obviously therein working with different cyclic orders.

Transformingistherein the “moves”. The player transformsthe plates from one cyclic
order to another, until heor she hitson onethat solvesthe problem A moreradical
form of transfor mation would be the posing of a similar problem for four colours or
even fivecolo urs. Isthereaparticular cyclic order which will solve the four colour
problem? In fact thereisa necessary and sufficient condition for solving the four colour
problem with fifteen plates. Colours must be arranged in the following cyclic order:

yes yes yes yes no N0 NOo yYes NO NO YeS yes N0 yes No
wher e yes meansthat a plate hasthat colour in it and no meansthat it does not.
In the case of five colourstherearejust two ordersthat will solve the problem.

To behonest, | have not worked out the pr oblem for more than five colours. If you are
mathematically inclined, have a go at the problem!
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6. Theroleof further embodiments.

Although we can already see some of the “ar chitecture” of the mathematical
structure on which our gameisbased, it will be still better to  “dressup ” our
structurein still different “clothes”. We should then have a better appreciation of
how the “addition” and the “multiplication” in the game areintertwined through
thedistributive principle. Playing about with different embodimentswill enable us
to seewhat is behind the physical embodiments, in fact we might begin to get a
glimpse of the very bones of the mathematical structurein question. After all,
mathematicsisnot really to do with platesin a circular pattern with colourd objects
placed in them, just asthe art of painting cannot be reduced to the paintbrush, can -
vas and palette. Neverthelessthe artist needsthe paintbrush, canvas and palettein
order to transmit his evolving construction to other fellow human  beings. So how
does the mathematician convey ideas to others? Unfortunately for the layman,
mathematical language has grown to be so complex, soterseand non  -redundant,
that anything communicated in that medium isonly accessible to other
mathematicians, and even not to all of those! The alternativeisto find a medium in
which thelayman can  “play”, just asthe professional mathematician “plays”,
recording his “moves” using the appropriate symbol system. Quite possibly this
medium could well be the

MATHEMATICAL GAME
which impliesan
ART OF INTERPRETATION
The concert pianist makes gigantic effortsto inter pret the amazing complexity of a
Beethoven sonata to thelay public by decoding an abstruse symbol system and
transforming it into an enjoyable artistic experience. Why could we not find waysto
inter pret the beauties of mathematicsto the lay public through methods more
accessible to the general public? Just asthe pianist playsa role different from the
composer, we could think of separating the
ACT OF DISCOVERY AND CONSTRUCTION

of the mathematician from the act of inter preting the construction to the public.

The search for other embodiments could be a part of the road towar ds developing
techniquesfor theincipient Art of inter preting mathematicsto the public.
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| can suggest four different embodiments of the eight element Galoisfield.

No doubt thereader can proceed to think of many more. Herethey are:

(&) The set of sentences we can construct out of two nouns, two verbs and two

complements.

(b) The set of large and small, red and blue squares and circles out of a set of

attribute blocks.
(c) Theset of numbers {1, 2, 3, 5, 6, 10, 15, 30}
(d) Thedaysof the week and a week’s holiday.

The actual piecesfor the above embodiments could be constructed out of schemata such

asthefollowing:

My dog likes fish
—_— —_—
(a) = Py
My cat dislikes milk
_ _—
Small blue circle
(b) >< ><
Large red square
_ _—
(o)
2 ., 3 ., )
1 ., 1 . 1
(wherethearrows mean “multiply”)
(d) Monday, Tuesday, Wednesday, Thursday, Friday, Saturday, Sunday
The whole week
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The “neutral element” in each case can be what arises out of the second line. So
these neutral elements could be:

(a) My cat dislikesmilk
(b) Thelargered square
(c) Thenumber 1

(d) The whole week

In the case of thefirst three of the above embodimentsit should be quite obvious how
the gameis played.

For thefourth embodiment the multiplication isjust “moving up” acertain number of
daysin the week.. Sunday could be allotted therole of the multiplicative neutral, by
saying “move up seven days ”. “Multiplying” by Monday would mean “move up one
day” “Multiplying” by Tuesday would mean “move up two days ” and soon. For a
“reasonable” addition system we could suggest the following cover story:

In afactory workersdo athree day week. Two wor king days must be consecutive, then
theremust beaday of rest, followed again by a working day, after which there will be
three daysof rest. If anyone doestwo days’ work in one, they arerewarded by aweek ’s
paid holiday. According to this system any two days determinethe third day. For
example:

Monday + Thursday = Tuesday

sinceif Monday and Thursday are working days, then Tuesday isthe only day left
which would make it that thisworker workstwo consecutive working days, followed by
aday of rest, followed by a third working day.

Having played at “inventing embodiments” , we now have two jobs ahead of us:

(1) To ascertain which of the embodimentsfitsour mathematical structure best,
bringing out its ar chitecturein the most visible and pleasing form;
(i)  Tofind the best bridgesto passfrom one embodiment to another.

Possibly the most visual embodiment isthe one using attribute blocks. The colours,
shapes and sizes of the blocks stand out very vividly and the “rhythm” can be checked
and enjoyed by simply casting a glance at the various attempts to makethethree
“rhythms” coincide.

The numerical embodiment helps usto become mor e awar e of how the elements of

the game ar e constructed by multiplying prime factors

The linguistic embodiment makes us awar e of the different roles played by the

subject, the predicate and the complement in a statement.

The days of the week embodiment concentrates on the “multiplicative aspect” of our

“mathematical toy”. Thevery well inter nalized sequence of the days of the week

bringsout the “seven-ness” of the multiplicative part of the structure. The “additive
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aspect” isnot so clear, asinorder to  “add” two days, we haveto go through a
process of reasoning, the “sum” isnot immediately obvious.
The easiest way to pass from one embodiment to another isto associatet he building
blocks of one embodiment to the building blocks of the other embodiment. For
example we could make the following bridge:
Small red square = My dog dislikesmilk 2> 2
Largebluesquare - My cat likesmilk - 3
Largered circle » My cat didikesfish - 5
The elements from thefirst three embodiments being those that differ in just one
way from the neutral, so the other elementscan be “built up” by addition, starting
from these three elements. It isa bit harder tobuild a “sensible” bridge to connect
with the days of the week. That challengeisleft to thereader.
For the sake of completeness, hereistherest of the suggested “bridge”:

Largered square - My cat disikesmilk - 1

Largebluecircle > My cat likesfish - 15

Small red circle = My dog didikesfish - 10

Small bluesquare - My doglikesmilk 2> 6

Small bluecircle > My dog likesfish 2 30
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7. How to bridge an embodiment to itself!

We have built br idges between embodiments, so we can pass easily from one
concrete version of our mathematicsto another. But what about building a bridge
from an embodiment back to itself, in a kind of “loop”? Each element will be
transfor med into some element of the sa me embodiment, maybe even into thevery
same element. But it might be wise to make a proviso, namely that if for three
elements A, B and C it istruethat

Element A + ElementB = Elemenent C
then it should also be truethat
Transformed element A + Transformed element B =

Transformed element C
Such atransformation of a structure “into itself” is known in mathematics as a
HOMOMORPHISM

So we arelooking for homomor phismsin the eight element group, represented
concr etely by one or the other of our embodiments.

Clearly a multiplication would provide such an homomor phism. Take for example
thecycle

My dog
likes
milk 1

My cat
disikes
fish b

My dog My dog
dislikes likesfish
milk ¢ d

My dog
dislikes
fish e

My cat
likes
fish f

My cat
likes
milk g

Taking it from left to right, thelast sentence being followed again by thefirst onein
therow. The sentence marked 1 could bethe mul tiplicative neutral, the sentence b
would move up one notch, the sentence ¢ would move up two notches and so on.

Sincethe additive neutral is  “My cat dislikesmilk ”, the partsof the neutral
sentence could be denoted by zeros, so my cat =0, didlikes= 0 and milk = 0.
Therefore we would have my dog = 1, likes=1 and fish = 1 and we would use
binary addition, the sequence now looking likethis:

110 - 001 - 100 - 111 - 101 -> 011 -> 010 -> 110

Wecan easily check that b + ¢ = e and if multiplying by b means “move up one

notch” then

(bxb) + (cxb) = c + d = (exb) = f

SO “moving up one notch” turnsatrue addition into another true addition, so we have a
homomor phism. Naturally, thiscan be donewith all the “multipliers”. So there are at
least as many homomor phisms as there are elementsin the game, namely seven, but
probably there area whole lot mor €
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Could thisbridging the gameinto itself provide the elements of yet another
game, “born” from the one we have just made up?

| can illustrate this possibility by looking at a ssimplified version of our game,
namely by reducing the number of coloursto two. So our bricksout of which the
simplified gameisbuilt are:

O

Addingisdefined asbefore, by putting elementstogether but leaving out anything
that iscommon to the two addenda. Multiplication can be done through moving up in
the smplified cycle:

Multiplying by 1 would mean “stay where you are”, multiplying by b would mean move
up one notch, by ¢ move up two notches (or back one notch).

The above three multiplications give us straight away three homomor phisms. But there
arethreemore, which are

() b>c>b, (i) b>1>b, (i) c>1>c¢
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Strangely enough, we can realize these changes by referring to therotations and
reflections of the equilateral triangle. All we haveto doisto draw these figureson both
sides of an equilateral triangle as suggested below:

Therearethreerotations:

(i) leavethetriangleasitis
O —

(if) rotate so you get the changes

(iii) rotate so you get the changes Q -

and there are threereflections, namely

(@iii)  reflect about the axis through the whitecircle

(iv)  reflect about the axisthrough the bricked circle

(v) reflect about the axisthrough the two circles.
Note that each rotation hasto be done clockwise when one faceis up but counter clockwise
when the other faceisup (let usnot forget that a transparent clock would movein th e

counter clockwise senseif we looked at it from behind, but for theclock it isjust the samel)

We have managed to put together three structures, which have been intertwined with each
other, one of them being a game about a game (a meta-game?). Theseare

(1) the two by two system, represented by two patternsor colours, each one being either
absent or present, giving usan " addition”
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(i)  thethreecycle used asa “multiplication” asa “moving up the cycle”, distributive
over the addition,

(i)  therotationsand ref lectionsof the equilateral triangle, obtained through the
scandalousidea of mirroring the game back into itself!

The appreciation of the ar chitecture of such a combination of structuresissurely akin to
the appreciation of theimpression conveyed by a  painting by Picasso or a concerto by
Mozart.

Thefact that our two by two game can bemirrored into itself in six different ways surely
showsthat thereis someinherent symmetry about the structure on which the gameis
based. If wetried to makea “game about the game”, starting with a cycle of four, instead
of atwo by two situation, we would only find two ways of mirroring such a cycleinto itself.
It seemsthat such a cycleislessinherently symmetrical than the concept of a two by two.

Children tend to think symmetrically. When they draw a house, they will usually put the
door in the middle and have a window on either side of it. If they put atreeon one side,
they will usually put a tree on the opposite sideaswell. In some cognitive experiments| did
with Malcolm Jeevesin Adelaide we taught children thefour cycle, and another group
learned the two by two group. In the predictionsthey were asked to make, many of the
four cycle learners made predictions as though they werelearning the two by t wo group, in
spite of the fact that they had had no evidenceto that effect. Maybetheinternal symmetry
of the two by two group was mor e compelling than the physical evidence they had had for
the cycle of four. When we elicited questions about this after the tests, many children would
say “Waell, that’show I thought it would go! . Thefirst step issymmetry and departure
from symmetry the second step. Wefirst haveto learn how to draw eyesthat look likereal
eyes, using the symmetry of the human face, before we can use the asymmetry of the
position of the eyeballsto convey a particular expression! It seemslikely that wearein a
similar situation in learning structures with different degrees of inherent symmetries.
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